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DEFINE : A[¢] = u|oq as a bounded linear operator from H ~/2(9)
into H/2(99Y).

QUESTION : (Calderon, 1980) does knowledge of A4 determine A(-) ?
ANSWER 1: — Yes, if A is isotropic, i.e., if A(x) = vy(z)I.
Astala-Paivarinta (2003) [L*° , n = 2], Nachman (1996)[C*° , n = 2|,
Sylvester-Uhlmann (1987) [C*° , n > 3], Kohn-Vogelius (1985)
[piecewise analytic, n > 2]).

ANSWER 2: — Only very partially (up to a “pullback” by a
diffeomorphism) if A is anisotropic. Sylvester (1990), Lee-Uhlmann

(1987)[“positive” ], Kohn-Vogelius, Tartar (1987)[“negative”].
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GoOAL: Find an asymptotic expression for (ue — uo that can be used
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to determine we (for |we| small).
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General Representation Formula

After the extraction of a subsequence:

V€ 09 ) —uo(y) = lwel [ (= 0) My (@) G20 5 o)) +ol ]

N(x,y) is the Neumann function for V - (7oV ):

Va - (WoVaN(z,y)) =dy in Q

Yo () gﬁ: = |8—1Q| on Of).

1
The probability measure y = lim 1., converges weak™ in the dual

|we|—0 |we|
of C° (ﬁ) |

M is a matrix valued function in L*(2, du). The values of M are

symmetric, positive definite matrices.
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Next we prove
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Bounds

M satisfies

min <1, E) I, < M < max (1, E) Iy,
Y1

and its trace satisfies “tighter” bounds

nh(l,...,l,ﬂ) §trace(1\/[)§na<1,...,1,ﬂ>.
Y1 Y1

h is the harmonic average, and a is the arithmetic average.

Three of these bounds are attained for a single “sheet-like” inclusion. In
that case the polarization egenvalues “paralle]” to the sheet are 1, and
the eigenvalue across the sheet is z—g. The fourth bound is attained for a

single inclusion in the shape of a ball.
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Applications

Vy € 09, uely)—uo(y) = loel [ (1=10) My (@) 522 S, y)du(o)-+ol ]

May be used :

1. To detect location of diametrically small inhomogeneities (Briihl,
Hanke, MV).

2. To estimate the volume of inhomogeneities of moderate size

(Capdeboscq, MV)
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Detecting locations

Suppose we = U’_, (z; +€Bj) (the inhomogeneities “shrink” to points z;).

8’LLO (‘3N
el | (1= 70) My (@) G2 G (@, ()

D(¢)(:)

= |w| Z v —0)a; M’ Vuo(z) - VaN(25, )

j=1

Is linear in in ¢ (the prescribed boundary condition), its range is finite

dimensional (of dimension np). In fact,

R(D) =span{ex - VaN (2, )|lop : k=1,...,n,7=1,...,p}.

Probe with g, 4 =d-V.N(z,-)|os. Then g. 4 € R(D) iff
z€{z;:5=1,...,p}. Note also that R(D) is well approximated by
R(Ac — Ao) (the measured Neumann-Dirichlet “difference” map).
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Detecting locations

Method:

1. Compute the SVD decomposition of Ac — Ag, and the projector onto

the space spanned by the first m eigenvectors, P,,.
2. For a test point z, compute

|Prg-al
(T = Pn)g=.al|

cot O, (2) =

Form=pn,z€{z;:j=1,...,p} < cot 0,,(z) = 0.
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Volume estimation

Suppose Yo and y; are constants.

w®) =) =l [ (0= 20)My (@) G2 5 o 0)dul
[ (e =)oty = ol [ (1 = 20)Mis (@) G2 S )

\ 4
N~

measured data

PiCkVUQZGj,jZl,...,n

D ;—q data;
Y1 — 70

| data;
Y1 — 70

= |w€|/ M;;du, and = |w€|trace(/ Mdpu).
Q Q



Volume estimation

Using the bounds on M we obtain

data; data;
min (1, %) ‘ LY | < lwe| < max (1, l) ‘ aklat
7o Y1 — 70 Yo Y1 — 70




Volume estimation

Using the bounds on M we obtain

data; data;
min (1, %) ‘ aka® < |we| < max (1, l) ‘ aka®
70 Y1 — Y0

~Yo Y1 — 70
One measurement bounds. Valid in general (Alessandrini, Rosset, Seo).




Volume estimation

Using the bounds on M we obtain

data; data;
min (1, %) ‘ aka® < |we| < max (1, l) ‘ aka®
70 Y1 — Y0

~Yo Y1 — 70
One measurement bounds. Valid in general (Alessandrini, Rosset, Seo).

< |we| <

Y1 — Yo

1 n
h(17'°'717 ,yé) g j=1 dataj
Y1 — 70

71 n
a (17 ) ]-7 ,yé) |Zj1 dataj

n measurement bounds. Only asymptotic bounds.
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A: the upper estimate obtained from one measurement bounds.



Volume estimation, with v > g
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Volume estimation, with v > g
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Proportion of total volume occupied by the inhomogeneities.
A: the upper estimate obtained from one measurement bounds.
B: the lower estimate obtained from one measurement bounds.

C': the upper estimate obtained from two measurement bounds.



Volume estimation, with v > g
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C': the upper estimate obtained from two measurement bounds.

D: the lower estimate obtained from two measurement bounds.



