MINICOURSE ON GEOMETRIC INVERSE PROBLEMS

MIKKO SALO

ABSTRACT. These are lecture notes for a minicourse on geometric in-
verse problems, to be given at the virtual DTU inverse problems winter
school in January 2021.

PREFACE

Many fundamental inverse problems are formulated in Euclidean space.
Such problems include

e determining a function in R? from its integrals over straight lines
(Radon transform inverse problem);

e determining the sound speed in a domain in R™ from boundary mea-
surements of solutions of the wave equation (Gel’fand problem);

e determining the electrical conductivity in a domain in R" from volt-
age and current measurements on its boundary (Calderén problem).

In this minicourse we will study inverse problems in geometric, or non-
FEuclidean, settings. For Radon transform problems this will mean that
straight lines are replaced by more general curves. For Gel’fand or Calderén
type problems this will mean that domains in R™ are replaced by more
general geometric spaces.

A particularly clean setting, which is still relevant for several applications,
is the one where domains in R™ are replaced by Riemannian manifolds and
straight lines are replaced by geodesic curves of a smooth Riemannian met-
ric. We will focus on this setting and formulate our questions on compact
Riemannian manifolds (M, g) with smooth boundary. This corresponds to
working with compactly supported functions in the Radon transform prob-
lem.

Notation. In these notes M will always be a compact, oriented, smooth
(= C*°) manifold with smooth boundary, and g will be a smooth Riemannian
metric on M. We assume that n = dim(M) > 2. We write (-, - ), and |- |4
for the g-inner product and norm on tangent vectors. In local coordinates
we write ¢ = (gjk)} -1, and (¢°%) is the inverse matrix of (g;z). Thus if
x = (z1,...,zy) are local coordinates and if 9; = % are the corresponding
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coordinate vector fields, then g;;, = (9;, k)4 and
(X705, Y*0k)g = g X' Vs, X901y = (gjuXTXF)1/2,

Here and below we use the Einstein summation convention that a repeated
upper and lower index is summed from 1 to n (i.e. we omit the sum signs).

We denote by V, = grad, and by div, the Riemannian gradient and
divergence on M. The Laplace-Beltrami operator is A, = divyV,. In local
coordinates one has the formulas

Vgu = gjkﬁjuak,
div,(X70;) = det(g)~/20;(det(g)/2X7),
Agu = det(g)"/?0;(det(g)" ¢’ Oju).

We denote the volume form on (M, g) by dV,, and the induced volume form
on OM by dSy. If u,v € C>°(M), one has the integration by parts (or Green)
formula

| @aujds, = [ (Agu)o-+ (Vou,Tye),) v,
oM M

where v is the outer unit normal vector to dM, and d,u = (Vgu,v)4lon is
the normal derivative on OM.

We note that we may drop the subindices g for brevity. All geodesics are
assumed to have unit speed, i.e. to satisfy |§(t)|; = 1.

1. GEODESIC X-RAY TRANSFORM

In this section we discuss the geodesic X-ray transform, which generalizes
the classical X-ray (or Radon) transform in Euclidean space. We will prove
that the geodesic X-ray transform is injective on compact simple manifolds.

1.1. The Radon transform in R2. To set the stage, we review a few
facts about the classical Radon transform. See [ , ] for further
information.

The X-ray transform If of a function f in R™ encodes the integrals of f
over all straight lines, whereas the Radon transform Rf encodes the integrals
of f over (n — 1)-dimensional planes. We will focus on the case n = 2,
where the two transforms coincide. This transform appears naturally in
medical imaging in X-ray computed tomography (CT) and positron emission
tomography (PET).

There are many ways to parametrize the set of lines in R?. We will
parametrize lines by their direction vector w and signed distance s from the
origin.
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Definition. If f € C2°(R?), the Radon transform of f is the function

Rf(s,w) ::/ f(swh +tw)dt, seR, we St

Here w is the vector in S' obtained by rotating w counterclockwise by 90°.

There is a well-known relation between Rf and the Fourier transform f .
We denote by (Rf)(-,w) the Fourier transform of Rf with respect to s.

Theorem 1.1 (Fourier slice theorem).
(Rf) (0,w) = flow").
Proof. Parametrizing R? by y = sw™ + tw, we have
(Rf) (o,w) = / e ios [/ fswh +tw) dt} ds = / e_wy'wa(y) dy
—00 R2

= f(owh). O

[e.9]

This result already proves that the Radon transform Rf uniquely deter-
mines f:

Theorem 1.2 (Uniqueness). If f € C°(R?) is such that Rf = 0, then

f=0.
Proof. If Rf = 0, then f = 0 by Theorem 1.1 and consequently f = 0 by
the Fourier inversion theorem. U

The interplay between the Radon and Fourier transforms can further be
used to study reconstruction algorithms and stability and range properties
for the Radon transform inverse problem. The use of the Fourier transform
is possible because the Euclidean space R? is highly symmetric, and can be
nicely tiled with straight lines. In more general geometric spaces, symmetries
and Fourier methods may not be available so that one needs to employ
different methods.

1.2. The geodesic X-ray transform. We will now introduce the geodesic
X-ray transform following | , Chapters 3 and 4], see also | ]. This
transform appears in seismic and ultrasound imaging, e.g. as the lineariza-
tion of the boundary rigidity/inverse kinematic problem. We will see in the
later sections that it also arises in the study of inverse problems for partial
differential equations.

Let (M, g) be a compact manifold with smooth boundary, assumed to be
embedded in a compact manifold (N, g) without boundary. We parametrize
geodesics by points in the unit sphere bundle, defined by

SM = {(z,v);z e M, veT,M, |vg=1}.
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We also consider the unit spheres
SeM = {veT,M; |v|g =1}, xr e M.

If (x,v) € SN we denote by 7;,(t) the geodesic in N which starts at the
point z in direction v, that is,

Dsyy =0, 'Yw,v(o) =, '.Yac,v(o) =v.

Recall that the geodesic equation D+ = 0 reads in local coordinates as

$Ht) + Do (v(0)5 ()3 (1) = 0

where Fé-k = %glm (0 9km + Ok gjm — Omy;k) are the Christoffel symbols of the
metric g = (gjk)?,k:p and (¢7%) is the inverse matrix of (9jk)-
We also denote by ¢ the geodesic flow on SN,

w1 : SN = SN, oi(z,v) = (Ya,u(t), Yz,0(t))-
If (z,v) € SM let 7(z,v) € [0,00] be the first time when v, ,(t) exits M,
T(x,v) :=sup {t > 0; 75 ,([0,t]) C M}.

We assume that (M, g) is nontrapping, meaning that 7(z,v) is finite for any
(x,v) € SM. (If 7(x,v) = oo, we say that the geodesic v, is trapped.)

Definition. The geodesic X-ray transform of a function f € C*°(M) is
defined by

(z.v)
If(xz,v):= /0 f(Van(t))dt, (xz,v) € I(SM).

Thus, If encodes the integrals of f over all maximal geodesics in M
starting from 0M, such geodesics being parametrized by points of 9(SM) =
{(z,v) € SM ; x € OM}.

So far we have not imposed any restrictions on the behavior of geodesics
in (M, g) other than the nontrapping condition. However, invertibility of the
geodesic X-ray transform is only known under certain geometric restrictions.
One class of manifolds where such results have been proved is the following.

Definition. A compact Riemannian manifold (M, g) with smooth boundary
is called simple if

(a) its boundary OM is strictly convex,
(b) it is nontrapping, and
(c) no geodesic has conjugate points.

We explain briefly the notions appearing in the definition:
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1. (Strict convexity) We say that OM is strictly convez if the second fun-
damental form of OM in M is positive definite. This implies that any
geodesic in N that is tangent to M stays outside M for small positive
and negative times. Thus any maximal geodesic going from M into M
stays inside M except for its endpoints, which corresponds to the usual
notion of strict convexity in Euclidean space.

We will only use the following consequence of (a): if OM is strictly
convex, then the exit time function 7 is C* in SM™ and hence all func-
tions in the analysis below are C*°, see | , Section 3.2]. In fact
assumption (a) could be removed with extra arguments | -

2. (Nontrapping) The nontrapping condition means that any geodesic in M
should reach the boundary OM in finite time. An example of a trapped
geodesic is the equator in a large spherical cap {z € S?; 23 > —¢}.

3. (Conjugate points) If v : [a,b] — M is a geodesic segment and if there
is a family of geodesics (7s)se(—c,¢) such that 4o = v and vs(a) = v(a),
vs(b) = y(b) for s € (—¢,¢), then the points y(a) and (b) are said to
be conjugate along . This is a sufficient and almost necessary condition
for conjugate points; for precise definitions see | , Section 3.7]. As
an example, the north and south poles on the sphere are conjugate along
any geodesic (=great circle) connecting them.

Part (c) of the definition of a simple manifold states that there is no
pair of conjugate points along any geodesic segment in M. Informally
this means that there is no family of geodesics that starts at one point
and converges to another point after some time. When dim(M) = 2, a
sufficient condition for no conjugate points is that the Gaussian curvature
satisfies K (z) < 0 for all x € M (in higher dimensions it is enough that
all sectional curvatures are nonpositive).

The class of simple manifolds turns out frequently in geometric inverse
problems. There are several equivalent definitions | , Section 3.8] and
we will use one of them later in these notes. We mention that any simple
manifold is diffeomorphic to a ball, so one can think of M as being just the
closed unit ball in R™ with some nontrivial Riemannian metric g.

Example 1.3 (Simple manifolds). Strictly convex bounded smooth domains
in R™, or in nonpositively curved Riemannian manifolds, are simple. An
example with positive curvature is given by the spherical cap M = {z €
S?: 23 > €}, where S? is the unit sphere in R? and € > 0. Note that such a
spherical cap does not contain trapped geodesics or conjugate points. Small
metric perturbations of simple manifolds are also simple.
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The main result of this section, proved first in | | in two dimensions,
states that the geodesic X-ray transform is injective on simple manifolds.

Theorem 1.4 (Injectivity). Let (M, g) be a simple manifold. If f € C*°(M)
satisfies I f =0, then f = 0.

We note that on general manifolds injectivity may fail:

Example 1.5 (Counterexamples). There are two basic examples of mani-
folds where the geodesic X-ray transform is not injective. The first is a large
spherical cap M = {x € S?; 23 > —c}. Any odd function f supported in
a small neighborhood of e; and —e; integrates to zero over all great circles,
hence I f = 0 but f is nontrivial. Another example is a catenoid type surface
with a flat cylinder glued in the middle. Note that both examples contain
trapped geodesics. The latter example has no conjugate points.

Theorem 1.4 is still in a sense the best available result on the geodesic
X-ray transform on two-dimensional manifolds. When dim(M) > 3 further
results are available, based on the microlocal method introduced in | ].
These results are valid on strictly convex nontrapping manifolds that admit
a strictly convex function, i.e. a function ¢ € C*°(M) such that Hessy(p) >
0, or more generally are foliated by strictly convex hypersurfaces. Such
manifolds may have conjugate points. We also mention that the nontrapping
condition can be weakened slightly [ ].

The following questions remain open (see the survey | | for further
references):

Question 1.1. Is the geodesic X-ray transform injective on compact strictly
convex nontrapping manifolds?

Question 1.2. Does every simple manifold admit a strictly convex function?

Question 1.3. Are there other examples of manifolds where the geodesic
X-ray transform is not injective?

In the rest of this section we will sketch a proof of Theorem 1.4 following
the argument in [ | under two simplifying assumptions:
o dim(M) = 2 (to simplify the analysis on SM);
e f € OX(M™) (to remove regularity issues near OM).
The proof contains two parts:
1. Reduction from the integral equation I f = 0 into a partial differen-
tial equation VXu =0 on SM.

2. Uniqueness result for the equation V. Xu = 0 in SM based on energy
methods.
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1.3. Reduction to PDE. Assume that f € C°(M™) satisfies [f = 0.
We begin by introducing the primitive

7(z,0)

u(z,v) = ul (z,v) == /0 f(poe(z,v)) dt, (x,v) € SM.

Here we think of f as a function on SM by taking f(z,v) = f(x). Note that
ulpcsary = 1f = 0. Since 7 is smooth in SM™ and f vanishes near OM, we
in fact have u € C2°(SM™).

Next we introduce the geodesic vector field X : C*(SN) — C*(SN),
which differentiates a function on SN along geodesic flow:

Xw(z,v) = dii’w(%(x? v))

We note that the function u = u/ above satisfies
d [7(es(z)

s:O.

Xu(r,v) = Lu(pu(a,v)) Pl o)) di]

s=0 B dS 0

=0
d [rEv)-s
= s ; f(ptis(z,v))dt <=0
d [T
= ). flor(z,v))dr|
= —f().
In particular we have
(1.1) Xu=—f(z) on SM, ulpsar = If = 0.

The problem (1.1) can be considered as an inverse source problem for a
transport equation: the source f(x) in the equation produces a measurement
ulpsary = If = 0. We wish to prove uniqueness in the sense that if the
measurement u|gar) is zero, then the source must be zero.

Note that the equation is on SM = {(z,v) € TM; |v| = 1}, but the
source f(x) only depends on x and not on v. We can further get rid of the
source by differentiating the equation Xu(z,v) = —f(x) with respect to v.
To do this in a coordinate-invariant way, we introduce the following notions:

Definition. Let (M, g) be an oriented two-dimensional manifold. Given
v € Sy M, we define v (rotation by 90° counterclockwise) to be the unique
vector in S M so that (v,v') is a positively oriented orthonormal basis of
T, M. Morever, given 6 € (—m, 7], we define the rotation

Rov = (cos 0)v + (sinf)v.
Finally, we define the vertical vector field V : C*°(SM) — C*(SM) by

Vw(z,v) = %w(Rg(az,v)) oo’ (x,v) € SM.
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Example 1.6 (X and V in the Euclidean disk). Let M = D C R? and let
g be the Euclidean metric. Then

SM = {(z,vg); z € M, 0 € (—m, 7|}
where vg = (cosf,sin ). We identify (x,vg) with (z,6). Then

Xw(x,0) = %w(w + tvg, 0) = vy - Vyw(z,0)

and p
Vw(z,0) = @w(aj, 0).

If f(z) is independent of v, clearly Vf = 0. Thus if f € C(M™)
satisfies If = 0, then by (1.1) the primitive u = uf € C(SM™) satisfies

VXu=0in SM.

This reduces the geodesic X-ray transform problem to showing that the only
solution of the equation VXu = 0 on SM which vanishes near M is the
zero solution.

1.4. Uniqueness via energy methods. The required uniqueness result
will be a consequence of the following energy estimate.

Proposition 1.7 (Energy estimate). If (M, g) is a two-dimensional simple
manifold, then

[ XullL2(sary < IV XullL2(sar
for any u € C(SM™),

The L? norm above is interpreted as follows. Recall that on any Rie-
mannian manifold (M, g) there is a volume form dV,. Moreover, if x € M
the metric g induces an inner product (i.e. metric) g(x) on T, M, and hence
a metric and volume form dS, on the unit sphere S, M. We then have the
L?*(SM) inner product

(u,w):/SMuu_)dE = /M /mMu(x,v)w(:U,v)de(v) dVy(z)

and the corresponding norm

1/2
el =l p2(snn) = ( / Wdz) .
SM

The proof of the main theorem, when dim(M) = 2 and f € C°(M™Y),
follows easily from Proposition 1.7.

Proof of Theorem 1.4. Let f € C®(M™) satisfy If = 0. We have seen
that the primitive v = v/ is in C°(SM™) and satisfies VXu = 0 in SM.
Proposition 1.7 gives that Xu = 0 in SM. By (1.1) we get f = —Xu =
0. O
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It remains to prove Proposition 1.7. Write
P:=VX.

The equation Pu = 0in SM is a second order PDE on the three-dimensional
manifold SM. It does not belong to any of the standard classes (elliptic,
parabolic, hyperbolic etc). Nevertheless we can prove an energy estimate
for it by using a positive commutator argument.

We first need to compute the formal adjoint of P in the L?(SM) inner
product. We start with the adjoints of X and V.

Lemma 1.8 (Adjoints of X and V). The vector fields X and V' are formally
skew-adjoint operators in the sense that

(Xu,w) = —(u, Xw), Vu,w)=—(u,Vw)
for u,w € C(SM™).

Assuming this, the formal adjoint of P is P* = (VX)* = XV. Thus we
may decompose P in terms of its self-adjoint and skew-adjoint parts:
P+ P* PP

(1.2) P=A+iB, A T o

(Compare with the decomposition z = a + ib of a complex number into its
real and imaginary parts.) Since A* = A and B* = B, we can now study
the norm ||V Xul|| = || Pul| for u € C(SM™?) as follows:
| Pul|* = (Pu, Pu) = ((A+iB)u, (A+iB)u)
= || Au||* + || Bul||* + i(Bu, Au) — i(Au, Bu)
(1.3) = || Aull* + | Bu||* + (i[A, Blu, u)
where [A, B] := AB — BA is the commutator of A and B.
In Proposition 1.7 we need to prove that ||Pul| > |[[Xul|/. We can obtain
a lower bound for ||Pul| from (1.3) if the commutator term (¢[A, Blu, u) is
positive (or if it can be absorbed in the positive terms ||Au||? and ||Bul|?).
The commutator has the form
1
2[4, B] = J[P + P*,P — P*| = [P*.P| = P"P - PP"
=XVVX -VXXV.
To study this we need to commute X and V. Define the vector field

X, =[X,V].
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Lemma 1.9 (Commutator formulas). If (M, g) is two-dimensional, one has

X, V] =X,
[V, X1] =X,
(X, X,]=-KV

where K is the Gaussian curvature of (M, g).

Example 1.10 (Euclidean case). Let M = D C R? and let g be the Eu-
clidean metric. As in Example 1.6 we may identify (z,vy) with (z,6). Then
X | has the form

Xiw=XVw—-VXw=uvy-Vy(Opw) — Ip(vg - Vyw)
= —(9pvg) - Vow = —vy - V.
The formulas in Lemma 1.9 can be checked by direct computations, e.g.
(X, X Jw=XX1w— X, Xw=uvg-Vu(—vi - Vow) +vi - Va(vg - Vow)
=0.
This is consistent since K = 0 for the Euclidean metric. In general comput-

ing [X, X, ] requires commuting two covariant derivatives, and hence one
expects the curvature to appear.

We will indicate how to prove Lemmas 1.8 and 1.9 in the end of this
section. Using Lemma 1.9, we can easily compute the commutator i[A, BJ:

2i[A,B] = XVVX - VXXV
=VXVX+ X, VX -VXVX -VXX|
=VX X -XX-VXX,|
=VKV - XX.
Thus by Lemma 1.8
(1.4) (2i[A, Blu,u) = | Xul* = (KVu, Vu).

We observe:
e If g is the Euclidean metric, then K = 0 and (i[A4, Blu,u) = || Xu|? >
0.
e More generally if (M, g) has nonpositive curvature, i.e. K <0, then
(i[A, Blu,u) > || Xul|? > 0.
Going back to (1.3) and using that || Au||?+ || Bul|? > 0, we see that if (M, g)
is a two-dimensional simple manifold which additionally has nonpositive
curvature, then

IVXul? > [ Xul?,  ue C(SM™).
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This proves Proposition 1.7 in the (already nontrivial and interesting) case
where K <0.

To prove Proposition 1.7 in general we need to exploit the ||Au?* and
| Bu||? terms more carefully. Using (1.2) it is easy to check that

1

>k 1 *
[ Aul® +11Bull* = ZI(P + P)ull” + L I(P = P)ull®

e

= SIPul? + 2Pl
Inserting this back in (1.3) gives
| Pul|* = || P*ul|* + 2(i[A, Bu, u).
Since P =V X and P* = XV, using (1.4) yields the identity
IV Xul]* = | XVul]®> - (KVu,Vu) + || Xul*.

This is an important energy identity in the study of X-ray transforms, known
as the Pestov identity. The proof of Proposition 1.7 is completed by the
following lemma, which explicitly uses the no conjugate points assumption.

Lemma 1.11. If (M, g) is a two-dimensional simple manifold, then
| XVul> = (KVu,Vu) >0,  uec CX(SM™).

Proof. If v : [0,7] — M is a geodesic segment, we recall the index form (see
[ , Section 3.7])

Ly - [ (DY 2 — K(v@)[Y(1)[2) dt

defined for vector fields Y along ~ that are normal to . This is the bilinear
form associated with the Jacobi equation —D?J(t) — K (y(t))J(t) = 0. The
basic property is that v has no conjugate points iff I,(Y,Y) > 0 for all
normal vector fields Y # 0 along - that vanish at the endpoints.

We will also need the Santald formula (see | , Section 3.5]), which

is a change of variables formula on SM and states that

/SdeZ - /8+SM [/OT(M)w((Pt(x’v))dt] pud(OSM)

where 0, SM = {(z,v) € O(SM); (v,v)y < 0} and p = —(v,v),, with v
being the outward unit normal to dM. Applying this to w = |XVu|? —
K|Vu|?, and using for any (x,v) € 94.SM the normal vector field

Veu(t) = Vu(p(z,v))5(t)*"
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along 7z ., implies that

| XVu|? = (KVu, Vu)

(x,v)
- / [ / (X Vu(pr(z, 0)]? — K (a0 Vulpr(z, 0)?) dt] 1 d(dSM)
a.sM | Jo

7(x,v)
— / [ / (DY) — K (on(t) Yoo ()]2) dt] 1 d(0SM)
8,5M |Jo
:/ I«/m,v(yx,v;Ym,v)ﬂd(asM)'
84 SM

The last quantity is > 0, since the index form is nonnegative by the no
conjugate points condition. O

Remark 1.12. If (M, g) is simple and n = dim(M) > 3, the same scheme
as above can be used to prove that the geodesic X-ray transform is injective.
However, the vector fields V' and X | need to be replaced by suitable vertical

v h
and horizontal gradient operators V and V, and the Pestov identity takes
the form

IVXu|? = [ XVul® = (RVu, Vu) + (n — 1)|| Xul|?

where RZ(x,v) := Ry(Z,v)v is the Riemann curvature tensor. See | ]
for details.

Finally we discuss the proof of Lemmas 1.8 and 1.9. One way to prove
them is via local coordinate computations. There is a particularly useful
coordinate system for this, known as isothermal coordinates. The existence
of global isothermal coordinates is part of the uniformization theorem for
Riemann surfaces. It boils down to the following generalization of the Rie-
mann mapping theorem from simply connected planar domains to simply
connected Riemann surfaces. Here we use the basic fact that any sim-
ple manifold is simply connected, which follows by Morse theory |
Proposition 3.7.19].

)

Theorem 1.13 (Global isothermal coordinates). Let (M, g) be a compact
oriented simply connected two-dimensional manifold with smooth boundary.
There are global coordinates x = (x1,x2) on M so that in these coordinates
the metric has the form

gjk(z) = @5,

for some real X € C*°(M).
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The isothermal coordinates induce global coordinates (x1,x2,60) on SM
where 0 € (—m, 7| is the angle between v and 9/0z1, i.e.

0 0
e _A( ) _— -
v=e (cos 983:1 + sin 983:2)

Exercise 1.1. Let (M,g) be a compact oriented simply connected two-
dimensional manifold with smooth boundary. Use the (x1, z2) and (z1, 22, 0)
coordinates above to do the following (see [ , Section 3.5] for hints if
needed):

(a) Compute the Christoffel symbols I‘ék(m)
(b) Show that X, X, and V are given by

0 0 oA
X—€ (Cosgaxl—i—suleam—i—(—axl 1 9+(9x26089> )
0 0 O\ oA 0
_ A i N Il il
X =—¢ < snr1081—i-coseaac2 <8m1 89—1—6251n9>60>,
0
V_%.

Hint. To compute X, you can use the equation tan 0(t) = ifgg where

(x1(t), x2(t),6(t)) is a geodesic in the (z1,x2,d) coordinates.
(¢) Prove Lemma 1.8. You can use (b) and the fact that

/wdz // (z,0)e* @) df dz.
SM —Tr

(d) Prove Lemma 1.9. You can use (b) and the fact that if gj,(z) =
2M\(2) djk, then the Gaussian curvature has the form

K= A\ = —e 2202\ 4 02)).

2. GEL'FAND PROBLEM

Seismic imaging gives rise to various inverse problems related to deter-
mining interior properties, e.g. oil deposits or deep structure, of the Earth.
Often this is done by using acoustic or elastic waves. We will consider
the following problem, which has many names and equivalent forms. It is
also known as the inverse boundary spectral problem (see the monograph
[ ):

Gel’fand problem: Is it possible to determine the interior
structure of Earth by controlling acoustic waves and measur-
ing vibrations at the surface?

In seismic imaging one often tries to recover an unknown sound speed.
However, in this presentation we consider the simpler case where the sound
speed is known and one attempts to recover an unknown potential g. We
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assume that the Earth is modelled by a compact Riemannian n-manifold
(M, g) with smooth boundary (in practice M is a closed ball in R3), and the
metric g models the sound speed. In fact, if ¢(x) is a scalar sound speed in
a domain in R™, the corresponding metric is

gjk(@) = c(x) 20

A general metric g corresponds to an anisotropic (non-scalar) sound speed.
Thus Riemannian geometry already appears when considering sound speeds
in Euclidean domains.

Consider the free wave operator

O:=07 - A
in M x (0,T), where A is the Laplace-Beltrami operator in (M, g):
Au = div(Vu) = det(g)_1/28j(det(g)1/2gjk8ku).

Here the operators V = V,, div = divy, and A = A, only act in the z
variable. Let also ¢ € C2°(M™) be a time-independent potential.

We assume that the medium is at rest at time ¢ = 0 and that we take
measurements until time 7" > 0. If we prescribe the amplitude of the wave
to be f(z,t) on OM x (0,T), this leads to a solution u of the wave equation

(B+q@u=0 inMx(0,T),
(2.1) u=f ondM x(0,T),
u=0omu =0 on {t = 0}.

Given any f € CX(OM x (0,T)), there is a unique solution u € C*(M x
(0,7)) (see [ , Theorem 7 in §7.2.3] for the Euclidean case; the proof
in the Riemannian case is the same). We assume that we can measure
the normal derivative d,u|grrx(0,1), Where dyu(z,t) = (Vu(z,t),v(r)) and
v is the outer unit normal to M. We do such measurements for many
different functions f. The ideal boundary measurements are encoded by the
hyperbolic Dirichlet-to-Neumann map (DN map for short)

Ag : CZ(OM x (0,T)) = CF(IM x (0,T)), Aq(f) = Ovulonrx(o,1)-

The Gel’fand problem for this model amounts to recovering ¢ from the
knowledge of the map A,. We will prove the following classical result. For
simplicity we assume that the potentials are compactly supported in M™*.

Theorem 2.1 (Uniqueness). Assume that (M, g) is simple. Let T > 0 be
sufficiently large and assume that q1,q2 € C° (M™Y. If

Afh - qu )

then q1 = q in M.
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Remark 2.2. It is natural that one needs T to be sufficiently large in
Theorem 2.1. By finite propagation speed the map A, is unaffected if one
changes ¢ outside the set {x € M ; dist(z,0M) < T/2}.} For our proof it is
enough that T is larger than the length of the longest maximal geodesic in
M.

If in Theorem 2.1 one drops the assumption that (M, g) is simple, it is
still possible to prove that

Y4 Y4
(2.2) Amwmwzﬂﬁmmw

whenever v : [0,¢] — M is a non-trapped maximal geodesic in M with
¢ < T. We will prove (2.2) in the case where (M,g) is simple. It then
follows from the injectivity of the geodesic X-ray transform, i.e. Theorem
1.4, that q; = qo.

Theorem 2.1 is in fact true for a general compact manifold (M, g) under
the sharp condition T' > 2 sup,¢; dist(z, 0M). This and many other results
for time-independent coefficients follow from the Boundary Control method
introduced in | ], see [ , | for further developments. However,
there are several open questions when ¢ = ¢(x,t) is time-dependent. This
case arises in inverse problems for nonlinear equations or in general relativity.
In that case (and if one considers the analogous problem on OM x R instead
of OM x (0,T), see Exercise 2.1), instead of (2.2), our method which is based
on geometric optics solutions gives that

0 V4
(2.3) | i = [ wao.e+o

whenever ~ is a maximal geodesic as above and ¢ € R is a time-delay
parameter. This means that the light ray transforms of q1 and ¢o are the
same. The curves (y(t), t+0) where v is a geodesic in M are called light rays;
they are lightlike, or null, geodesics for the Lorentzian metric —dt?> + g(z).
When (M, g) is simple the invertibility of the light ray transform follows
from invertibility of the geodesic X-ray transform, see Exercise 2.1.

More generally, instead of the wave operator O = 92 — A corresponding
to the product Lorentzian metric —dt? +g(z) in M x R, one could consider a
more general Lorentzian metric g (i.e. a symmetric 2-tensor field on M x R
that has one negative and n positive eigenvalues at each point) and the

14f 4 and @ solve (2.1) for potentials ¢ and ¢ with the same Dirichlet data f, and if
g=q¢in U :={z € M; dist(z,0M) < T/2}, then w := u — @ solves (O 4 q)w = F where
F := —(q— ¢)@ vanishes in U and also in {(z,t); dist(z,0M) > t} since @ vanishes there.
Moreover, w = Qyw = 0 on {t = 0} and w|sarx(,r) = 0. By finite speed of propagation
Ovw|anrx(o,ry = 0. This proves that Ay = Ag.
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corresponding wave operator Og. Inverse problems for Oy constitute a wave
equation analogue of the anisotropic Calderén problem (see Section 3).
The following questions remain open:

Question 2.1. Can one recover a time-dependent potential ¢ € C°(M x R)
from the hyperbolic DN map on OM X R for a general compact Riemannian
manifold (M, g) with boundary?

Question 2.2. For which Lorentzian metrics g is the light ray transform
invertible?

Question 2.3. For which Lorentzian metrics g does one have uniqueness
in the Gel’fand problem?

See | , , , ] for recent results on the above ques-
tions. We also mention that for nonlinear wave equations better results are
available, see e.g. [ ]

We now start the proof of Theorem 2.1. Alternative presentations may
be found in the lecture notes | , | (the latter only in the Euclidean
case), and similar results in much more general settings appear in [ ,

]. The proof proceeds in four steps.

1. Derivation of an integral identity showing that if A, = Ag,, then
q1 — ¢2 is L?-orthogonal to certain products of solutions.

2. Construction of special solutions that concentrate near a light ray
(v(t),t + o) for some o > 0.

3. Proof of (2.2) by inserting the special solutions in the integral iden-
tity and taking a limit.

4. Inversion of the geodesic X-ray transform to prove that ¢; = g».

The first step is an integral identity.

Lemma 2.3 (Integral identity). Assume that q1,q2 € C*°(M). For any
fi, fo € C°(OM x (0,T)), one has

T
(Agy = Ago) 1, f2) r2omx(0,1)) = /M/O (@1 — q2)urlig dt dV

where uy solves (2.1) with ¢ = q1 and f = f1, and ug solves an analogous
problem with vanishing Cauchy data on {t =T}:

(O+q2)uz =0 in M x (0,T),
(24) Uy = fg on OM X (O,T),
Uy = Opug = 0 on {t ="T}.

Proof. We first compute the formal adjoint of the DN map: one has

(Agfs 1) r2onix o)) = (Fs A R) 200107
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where Agh = 0yV|gnx (0,7) With v solving (O+q)v = 0so that v|grrxo,7) = h
and v = 0w = 0 on {t = T'}. To prove this, we let u be the solution of (2.1)
and integrate by parts:

(Agf, h)r2anmx(0,1)) / / (Oyu)vdtdS
oM

T

((Vu, Vo) + (Au)v) dt dV
0

’ﬂ

(Vu, Vo) + (02u + qu)v) dt dV

’ﬂ

:\s\:\:\

((Vu, V) — dyudyv + quv) dt dV

o

T
= ((Vu, Vo) + u(0?v + qu)) dt dV
0
T
:/ / ((Vu, Vo) + uAv) dt dV
M Jo

T
:/ / u0,0 dt dS
oM JO

= (f. AR 2 onrx0.1))-

Now, if u; and ug are as stated, the computation above gives
T
(Mg, f1, f2)L2omrx(o,m)) = / / ((Vur, Vug) — Oyu10ptia + qruatiz) dt dV
M Jo

and
(Mg f1, f2) r2onex o)) = (1, A f2) 2 onx (0,1))
T
= / / ((Vui, Vag) — Oyu10ru + qouqtin) dt dV.
0

The result follows by subtracting these two identities. O

If Aq, = Ay,, it follows from Lemma 2.3 that

T
/ / (1 — @2)wmug dtdV =0
M Jo

for all solutions u; and us of the given type.

We will now start the construction of special solutions concentrating near
a light ray (y(t),t + o) where ¢ > 0 is a small time delay parameter. We
use the method of geometrical optics, also known as the WKB method, and
first look for approximate solutions using the ansatz

v(z,t) = @Dz, 1)
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where A > 0 is a large parameter, ¢ is a real phase function, and « is an
amplitude supported near the curve ¢t — (v(t),t+0). A direct computation,
given below, shows that

(O + q)v = e[\ [IVal2 = (9ep)?] @+ iALa + (O + g)a]

where L is a certain first order differential operator. Now v is a good ap-
proximate solution if the right hand side is very small when A is large. In
particular, we want the A? term to vanish, which means that the phase
function ¢ should solve the eikonal equation

Vaiply — (Oep)? = 0.
We will show that when (M, g) is simple, the function ¢(x,t) ==t —r is
a solution where (w, ) are Riemannian polar coordinates as in Lemma 2.7.
We also show that by solving transport equations involving L one can obtain
an amplitude a supported near the curve t — (y(t),t + o) satisfying

liALa 4+ (O + q)al|p= — 0 as A — oo.

Thus v is an approximate solution in the sense that (O 4 ¢)v = o(1) as
A — oo. These approximate solutions can then be converted into exact
solutions by solving a Dirichlet problem for the wave equation.

After the outline above, we give the precise statement regarding concen-
trating solutions.

Proposition 2.4 (Concentrating solutions). Assume that ¢ € C°(M™),
and let v : [0,4] — M be a mazimal geodesic in M with ¢ < T. Let also
o > 0 be a small enough time delay parameter. For any A > 1 there is a
solution w = uy of (O+¢q)u=01in M x (0,T) with uw = dyu = 0 on {t = 0},
such that for any v € C°(M x [0,T]) one has

(2.5) Ali_}nolo// Ylul? dt dV = /zp ), t+o)dt

Moreover, if § € C°(M™), there is a solution i = 1y of (O+ §)i = 0 in
M x (0,T) with i = 0¢t = 0 on {t = T}, such that for any ¢ € C°(M x
[0,T]) one has

(2.6) AILI&// puiidtdV = /w )t + o) dt

Remark 2.5. The fact that one can construct solutions to the wave equa-
tion that concentrate near light rays ¢ — (y(t),t + o) is a consequence of
propagation of singularities. This general phenomenon states that singulari-
ties of solutions for operators with real valued principal symbol p propagate
along null bicharacteristic curves, i.e. integral curves of the Hamilton vec-
tor field H,, in phase space. The principal symbol of the wave operator O
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is p(x,t,&,7) = =712 + |§|§, and the light rays are projections to the (z,t)
variables of null bicharacteristic curves for O.

At this point it is easy to prove the main result:

Proof of Theorem 2.1. Using the assumption A, = Ay, and Lemma 2.3, we
have

T
(2.7) / / (q1 — QQ)UlﬂQ dtdV =0
M JO

for any solutions w; of (O + gj)u; = 0 in M x (0,T) so that u; = dyu; =0
on {t =0}, and ug = dyugs = 0 on {t = T}.

Let v : [0,4] — M be a maximal unit speed geodesic segment in M with
¢ < T, let 0 > 0 be small, and let u; = uy ) be the solution constructed
in Proposition 2.4 for the potential ¢ with uy = du; = 0 on {t = 0}.
Moreover, let us = us  be the solution constructed in the end of Proposition
2.4 for the potential go with uy = dyug = 0 on {t = T'}. Taking the limit as
A — oo in (2.7) and using (2.6) with ¢(z,t) = (¢1 — g2)(x), we obtain that

/ "(@1— @) (0) dt = 0.

This is true for any maximal geodesic v in M with length ¢ < T. If we
assume that T is larger than the length of the longest maximal geodesic
in M, it follows that the geodesic X-ray transform of g; — ¢o vanishes. By
Theorem 1.4 we obtain that ¢; = ¢o. [l

We will now begin the proof of Proposition 2.4. For the construction of
the phase function we will use the following fact about simple manifolds. It
essentially states that a manifold is simple iff it admits global polar coordi-
nates centered at any point.

Lemma 2.6 (Exponential map on simple manifolds). Let (M, g) be compact
with strictly conver smooth boundary. Then (M, g) is simple iff there is an
open manifold (U, g) containing M as a compact subdomain such that for
any p € M, the exponential map exp, is a diffeomorphism from its mazimal
domain Dy in T,U onto U.

The proof that any simple manifold satisfies the condition in Lemma 2.6
requires geometric arguments and may be found in [ , Section 3.8].
For the purposes of this section, we can just take the condition in Lemma
2.6 to be the definition of a simple manifold. It follows that any x € U can
be uniquely written as

T = exp,(rw)
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for some 7 > 0 and w € ", with rw € D,,. Thus we may identify x € U
with (w, ). The coordinates (w,r) are called Riemannian polar coordinates,
or polar normal coordinates, in (U, g). We will need the following property.

Lemma 2.7 (Riemannian polar coordinates). In the (w,r) coordinates the

9= (0 o )

Proof. 1t is enough to prove that (9,,0,) = 1 and (9,,w) = 0, where w =
7(0) for any curve n(t) = (r,w(t)). Since 9, is the tangent vector of a unit
speed geodesic starting at p, one has (9,,0,) = 1. If n(t) is a curve as above,
the fact that (9,,w) = 0 is precisely the content of the Gauss lemma in
Riemannian geometry (see e.g. | , Section 3.7]). O

metric has the form

We can now prove the result on concentrating solutions. The proof is
quite elementary although a bit long.

Proof of Proposition 2.4. Let « : [0,¢] — M be a maximal unit speed geo-
desic in M with ¢ < T', and let initially o € (0,7 — /).
We first construct an approximate solution v = v) for the operator O+ ¢,
having the form
v(z,t) = @D (g, 1)
where ¢ is a real phase function, and a is an amplitude supported near the
curve t — (y(t),t + o). Note that

at(ei’\‘pu) = eW(at + iAOp)u,
8152(61')“"71) = ¢ (O 4 iNOyp)u
and similarly for the z-derivatives
V(e?u) = e??(V + iAVo)u,
divV (e*?u) = e (div + iA(Ve, -))(V + iAV)u.
We thus compute
(O + q)(e™¥a) = e??((9; +iMdrp)* — (diva +iMVap, -))(Va +iAVep) + g)a
=M [[Vals — (Bp)°] a
(2.8) + X [20p00a — 2(V 4, Vza) + (Op)a) + (O + g)a].

We would like to have (0 + g)(e**%a) = O(A™1), so that v = e*?a would
indeed be an approximate solution when A is large. To this end, we first
choose ¢ so that the A\? term in (2.8) vanishes. This will be true if ¢ solves
the eikonal equation

(2.9) Vol = (9pp)? = 0.
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We make the simple choice

(2.10) o(z,t) =t —P(z)
where ¢ € C°°(M) should solve the equation
(2.11) Vo2 =1.

This is another eikonal equation, now only in the x variables. We now invoke
the assumption that (M, g) is simple and give an explicit solution of (2.11).

Let (U,g) be an open manifold as in Lemma 2.6 that contains M as a
compact subdomain. Let 1 be the maximal geodesic in U with 17][07@ =
and, possibly after decreasing o > 0, p := n(—o) € U \ M. By Lemma 2.6,
if Dy is the maximal domain of exp,, in T,U, then

exp,: Dp = U
is a diffeomorphism. Thus any point € U can be written uniquely as
T = exp,(rw)

for some 7 > 0 and w € S"~! with rw € D,. Identifying = with (w,r) gives
global coordinates in U. We claim that

Y(w,r)=r

is a smooth solution of (2.11) near M. Note first that ¢ is smooth in M,
since the origin of polar coordinates is outside M. Now the fact that
solves (2.11) follows immediately from Lemma 2.7 since

<V¢;Vw> = <a7“,ar> =1.

With the choice p(z,t) =t — 1(x), we have (2.9) and thus the equation
(2.8) becomes

(2.12) (O + q)(e*%a) = e [iA(La) + (O + q)d
where L is the operator defined by
La = 20:p0ia — 2(Vzp, Vza) + (Op)a.
Clearly 0y = 1, and since 9(w,r) = r we obtain from Lemma 2.7 that
(Vaip, Vo) = g0y, 005, a = Oya.

Writing b := O, the operator L simplifies to
(2.13) La = 2(0; + 0r)a + ba.

We next look for the amplitude a in the form

a=ag+ \"ta_i.
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Inserting this to (2.8) and equating like powers of A\, we get
(2.14)

(O + q)(ePa) = ¥ [iA(Lag) + [iLa—y + (O + q)ao] + Ao+ q)a_1] .
We would like the last expression to be O(A~1). This will hold if ag and a_;
satisfy the transport equations

Layg =0,
(2.15) T
La,1 = Z(D + q)ao.

It is not hard to solve these transport equations. To do this, it is convenient
to consider new coordinates (w, z, w) near M x (0,T'), where

t+r t—r
(2.16) z 5 w 5
Then L in (2.13) simplifies to 20, + b in the sense that

9 Vo t t -
LF(z,t) = (20.F + bF) (w, # > !

)

where F' corresponds to F' in the new coordinates:

v

F(w,z,w) = F(w,z —w,z + w).
Finally, we can use an integrating factor to get rid of b. One has
t+r t— r)
2 72
provided that 20,c = I;c, which holds e.g. with the choice

(2.17) LF(z,t) = 2¢710,(cF)(w,

C(W, 2, U)) = e% J5 b(w,s,w) ds‘

We can now solve the transport equations (2.15). By (2.17) the first
transport equation reduces to

8Z(cé0) = 0.

Recall that we want our amplitude a to be supported near the curve t —
(n(t),t + o) in the (x,t) coordinates. Recall also that the center p of our
polar coordinates was given by p = n(—oc). Thus n(t) = (wg, t + o) for some
wo € S 1 in the (w,r) coordinates, and at time o + ¢ the amplitude should
be supported near (wg,o + t). Because of these facts, it makes sense to
choose
do(w, z,w) == c(w, z,w) " x(w, w).

where y € C°(S"~! x R) is supported near (wp,0). We will later choose x
to depend on A. Note also that () exits M when ¢ = ¢, which means that

&O‘Mx[a-i—é—i-a,a—i-f—k?s} =0

for some ¢ > 0 if ¢ is chosen so small that o +¢ < T. We set ag = 0 for
telo+L+¢T).
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Next we choose
zZ

1 y
a—1(w,z,w):=—=— [ ¢((O0+q)ag) (w,s,w)ds.
2ic Jo
The functions ag and a_; satisfy (2.15), and they vanish unless w is small
(i.e. r is close to t — o). Then (2.14) becomes

(0 + g)(e*%a) = F
where
Fy = A"t (04 ¢)a_y.
Using the Cauchy-Schwarz inequality, one can check that
IEAN oo (e 0.7)) < AHIO + @)ac | e (arx 0,7
(2.18) < CA 7 Yixllwaso(sn-1x)

uniformly over A > 1. This concludes the construction of the approximate
solution v = e*%?q.
We next find an exact solution u = uy of (2.1) having the form
u=v+ R

where R is a correction term. Note that for ¢ close to 0, v( -, t) is supported
near p ¢ M and hence v = 9yv = 0 on {¢t = 0}. Note also that (O+q)v = F).
Thus v will solve (2.1) for f = v|grr(o,r) if R solves

(O+¢)R =—F, in M x(0,T),

(2.19) R =0 on OM x (0,7T),
R=0,R =0 on {t = 0}.
By the wellposedness of this problem (see | , Theorem 5 in §7.2.3] for

the Euclidean case, again the proof in the Riemannian case is the same),
there is a unique solution R with

(2.20) IR oo 0,7y (ar)) < ClNIFAL2(0,7)522(01)) < CA M Ixlywace-

We now fix the choice of x so that (2.5) will hold. Recall that x €
C®(S"~1 x R) is supported near (wp,0). We may parametrize a neighbor-
hood of wg in ™! by points ¢’ € R" ! so that wg corresponds to 0, and thus
we may think of x as a function in R" supported near 0. Let ( € C°(R")
satisfy ¢ =1 near 0 and ||(||z2zn) = 1, and choose

x(y) = e "%C(y/e)

where
1

e=¢c(A) = A"+,
With this choice

XNl 2mny = 1, x| oe mny S €72 S A2
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It follows from (2.20) that

<1’ <\~ 1/2

vl 2 (arx o)) S

Since u = v + R, the integral in (2.5) has the form

T T
// w\u|2dth:// Yo dv dt + O(A~V/?)
M JO M JO
T
:// Ylag)? dV dt + O(A"1/2).
M JO

Using that v|ag|? is compactly supported in M™ x (0,7, we may use the

IRl 2 (arxo,m)) S

(y/,r,t) coordinates (where ' € R"~! corresponds to w € S"~!) to see that

/ / Ylul? dV dt = / V(Y7 t)e —"g(y L= o D24y dr dt + O(AV?)

- Uy, 2 —w, 2+ w)e "y Je,w/e)? dy dz dw + O(NT?)

Rn+1

by changing variables as in (2.16). Finally, changing ¢’ to ey’ and w to ew
and letting A — oo (so € — 0) yields

T
lim// Ylu?dV dt = Y(0, 2, 2)C(y, w)* dy dz dw
]Rn+1

A—00 M JO
:/ (0, 2, 2) dz

by the normalization |[(|[z2r») = 1 and the fact that ¢ € C2° (Mmt x [0,T7]).
Undoing the changes of coordinates, we see that the curve (0, z, 2) in the
(y',r,t) coordinates corresponds to t — (wo, t,t) in the (w,r,t) coordlnates

Thus
/ szde—/¢ ),t+o)dt

which proves (2.5).

It remains to prove (2.6). Since (t) exits M after time ¢ < T', we have
V| M x[ott4e,o+e+2¢) = O for some small € > 0. Redefining v to be zero for
t > o+{0+2¢, we see that (2.18) still holds. Then we choose R solving (2.19)
but with R = OgrR = 0 on {¢t = T'} instead of {¢ = 0}. We can do such a
construction for the potential ¢ instead of ¢. Since ¢ and ag are independent
of the potential ¢, the same argument as above proves (2.6). [l

Exercise 2.1 (Time-dependent case). Let ¢ € C°(M™ x R), and consider
the Dirichlet problem

(O +q)

U in M x R,
(2.21) u
U

0
f on OM X R,
0 for t < 0.
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Here t <« 0 means that ¢t < —T} for some Ty > 0. You may assume that
this problem is well-posed and for any f € C°(OM x R) there is a unique
solution u € C*°(M x R). Consider the hyperbolic DN map

Ay : CP(OM X R) — C*(OM x R), f— dyulamxr-

(a) Formulate a counterpart of Lemma 2.3 in this case.

(b) Formulate a counterpart of Proposition 2.4. Which parts of the proof
need to be modified?

(c) Use parts (a) and (b) to show that if Ay, = Ag,, then

l ¢
/ G (V(),t + o) dt = / G2 (8),t + o) dt
0 0

for any maximal geodesic 7 : [0,¢] — M and any o € R.

(d) Use the Fourier transform in o and injectivity of the geodesic X-ray
transform in (M, g) to invert the light ray transform in part (c¢) and
to prove that g1 = g2. (Hint. Look at the derivatives of the Fourier
transform at 0.)

3. CALDERON PROBLEM

Electrical Impedance Tomography (EIT) is an imaging method with ap-
plications in seismic and medical imaging and nondestructive testing. The
method is based on the following important inverse problem.

Calderén problem: Is it possible to determine the electri-
cal conductivity of a medium by making voltage and current
measurements on its boundary?

In a standard formulation the medium is modelled by a bounded domain
Q C R” (in practice n = 3), and one considers boundary measurements for
solutions of the conductivity equation

div(yVu) =0 in Q

where v € C*°(Q) is a positive function (electrical conductivity).

If the electrical properties of the medium depend on direction, which
happens e.g. in muscle tissue, the medium is said to be anisotropic and
v = (7/*) is a positive definite matrix function. When n > 3 one can write
7k = det(g)'/2¢g7% for some Riemannian metric g, and the conductivity
equation becomes

divy(Vgu) = 0.
Thus Riemannian geometry appears already when considering anisotropic
conductivities in Euclidean domains. More generally, if (M, g) is a compact
manifold with smooth boundary, we can consider the equation

(3.1) divy(yVgu) =0
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for a positive function v € C°°(M). This equation contains both equations
above as a special case.

As a final reduction, if we replace u by v~*/2u in (3.1), we obtain the
equivalent Schrodinger equation

(—=Ay+q@u=0in M

where ¢ =

1/2 . . . .
%/2). It is this equation that we will study.

Let (M, g) be a compact manifold with smooth boundary, and let ¢ €
C*°(M) be a potential. Consider the Dirichlet problem

(=Ag+q)u =0 in M,
u=f on OM.

We assume that 0 is not a Dirichlet eigenvalue. Then for any f € C*°(0M)
there is a unique solution u € C*°(M). The boundary measurements are
given by the (elliptic) DN map

Ag: C®(OM) — C®(OM), Agf = dyulons.

(3.2)

The Calderén problem in this setting is to determine the potential ¢ from
the knowledge of the DN map A,, when the metric g is known.

The Calderén problem is by now well understood in Euclidean domains
[ , , , ]. Moreover, if dim(M) = 2 and M is simply
connected then isothermal coordinates, see Theorem 1.13, can be used to
reduce the Riemannian case to the Euclidean case. We will thus assume
from now on that dim(M) > 3. In this case the problem is open in general,
but there are results in special product geometries.

Definition. We say that (M, g) is transversally anisotropic if
(M,g) CC (R x Mo,g),  g=e® go,

where (R, ) is the Euclidean line and (M, go) is a compact (n — 1)-manifold
with boundary called the transversal manifold.

The definition means that (M, g) is contained in a product manifold R x
My with coordinates (t,z) where ¢t € R and € My, and the metric looks

like
9l e) = ( (1J go(()x) ) '

The Laplace-Beltrami operator has the form
Ay = —8? — A,

where A, is the Laplace-Beltrami operator of (My, go). Note that this looks
similar to the Gel’fand problem studied in Section 2, where we studied the
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wave operator 07 — A,. Formally the Wick rotation, i.e. the map t > it,
converts one equation to the other.

It turns out that, surprisingly, there are in fact analogies between the
elliptic and hyperbolic inverse problems. One has the following counterpart
of Theorem 2.1, first proved in [ .

Theorem 3.1 (Uniqueness). Let (M, g) be a compact transversally anisotropic
manifold. Assume also that the transversal manifold (Mo, go) is simple. If
q1,q2 € C®°(M) and if

AQ1 = AQ27
then g1 = qo in M.

By conformal invariance Theorem 3.1 holds more generally for metrics of
the form g = c(e @ gg) for ¢ € C°°(M) positive. Moreover, the assump-
tion that (Mg, go) is simple can be relaxed to the assumption that (M, go)
has injective geodesic X-ray transform | ]. However, the following
questions remain open:

Question 3.1. Is Theorem 3.1 true for any transversal manifold (My, go) ?
Question 3.2. Is Theorem 3.1 true for any compact manifold (M, g)?
Similarly as for the wave equation, it turns out that one can get better
results for nonlinear elliptic equations. Consider the model equation
—Agu+qu® =0 in M,
u=f on OM.

In fact the method applies to the nonlinearities gu™ for any integer m > 3.
If f € C®°(OM) is small (say in the C**(0M) norm), a Banach fixed point
argument implies that (3.3) has a unique small solution u € C*°(M). One
can define the nonlinear DN map

AN {f € C®OM) ; ||fllczaonn < 8} — C(OM), Agf = dyulonr.

(3.3)

It was proved independently in | , | that Question 3.1, which
is open for the linear Schrédinger equation, can be solved for the nonlinear
equation (3.3).

Theorem 3.2 (Nonlinear case). Let (M, g) be a compact transversally anisotropic
manifold, and let q1,q2 € C°(M). If

NL _ ANL
A(h - qu ’

then q1 = qo in M.
Let us now sketch the proof of Theorem 3.1. The general scheme will be

exactly the same as in the proof of Theorem 2.1 in the wave equation case,
but with a few important differences. The proof proceeds in four steps:
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1. Derivation of an integral identity showing that if A, = Ag,, then
q1 — ¢ is L?-orthogonal to certain products of solutions.

2. Construction of special solutions that concentrate near two-dimensional
manifolds R x ~ where v is a maximal geodesic in M.

3. Inserting the special solutions in the integral identity and taking a
limit, in order to recover integrals over geodesics.

4. Inversion of the geodesic X-ray transform to prove that g1 = go.

3.1. Integral identity. The first step, the integral identity, is completely
analogous to the wave equation case.

Lemma 3.3 (Integral identity). Let (M,g) be a compact manifold with
boundary and let q1,q2 € C°(M). If fi1, fo € C*°(OM), then

((Agy = Ago) 1, f2) L2(o0n) = /M(Q1 — q2)urtiz dV

where uj € C°(M) solves (—A + q;)u; =0 in M with wj|an = fj.

Proof. We first observe that the DN map is symmetric: if ¢ € C*°(M) is
real valued and if uy solves (—=A + q)uy = 0 in M with us|spr = f, then an
integration by parts shows that

(Ao Dizioan = [ @ug)igdS = [ (Vuy, V) + (Bug)ag) av
oM M
:/ ((Vuy, Vig) + qusty) dV
M
=/ upOyug dS = (f, Agg)r2(anm)-
oM
Thus
(Agy f1, f2) L2 0m) =/ ((Vur, Vg) + qrurz) dV,
M
(Ao f1, f2) 2oy = (f1, Mg 2) L2(000) = /M(Wula V) + gaurtiz) dV.

The result follows by subtracting the above two identities. O

By Lemma 3.3, if Ay, = Ay,, then

(3.4) /M(Q1 — @)urtzdV =0

for any solutions u; € C*°(M) with (—A + ¢;)u; =0 in M.
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3.2. Special solutions and proof of Theorem 3.1. We will next con-
struct special solutions to the equation (—A 4 g)u = 0. Just like for the
wave equation, we start with the geometric optics ansatz

(3.5) o(t,z) = et 1)

where A € R is a large parameter, ® is a complex valued phase function, and
a is an amplitude. The fact that the equation is elliptic requires us to use
complex phase functions, and the corresponding solutions are called complex
geometrical optics solutions.

The construction of special solutions is similar to the wave equation case,
but has the following important differences which are consistent with the
Wick rotation t — it:

e The eikonal equation is (V,®, Vo ®)4,+(0:®)? = 0 instead of |V, |2 —
(04¢)? = 0. The phase function ®(x,t) = it — 7 is complex valued,
instead of being real valued as in p(z,t) =t —r.

e The amplitude solves a complex transport equation 2(0, + i0;)a +
ba = 0, which has solutions concentrating near two-manifolds, in-
stead of solving a real transport equation 2(9, + 9¢)ag + bag = 0
which has solutions concentrating near curves.

e The solutions concentrate near two-dimensional manifolds R x
where 7 is a maximal geodesic in My, instead of concentrating near
curves t — (vy(t),t + o).

e The approximate solutions v = ¢
Thus the exact solution u = v+ R cannot be constructed by solving
a Dirichlet problem for R, but one must use a different solvability
result (Carleman estimate).

A% may grow exponentially in \.

We now discuss the argument in more detail. After applying the operator
~A+q = —0? A, +q(t,r) to the ansatz (3.5), we obtain a direct analogue
of the wave equation computation (2.8):

(3.6) (=07 — Ay +q)(e™%a) = PP [N [(V, @, V, @) + (0,0)%] a
—iX[20,D0;a + 2(Vo®, Vaa) + (Ao ®)a] + (— Ay + g)al.
Recall from (2.9) that in the wave equation case, the eikonal equation was
Vol — (Op)? =0
and we used the solution
p=t—r

where (r,w) were Riemannian polar coordinates in a neighborhood U of
the simple manifold My, with center outside My. Recall also that we were
interested in solutions that concentrate near the geodesic v : r — (r,wp) in
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My, where wy is fixed. In the elliptic case, the eikonal equation appearing
in the A2 term in (3.6) is
(V®,V, )y + (0,®)? =0 in M
and we obtain a solution by choosing
O(t,x) =it —r.

This is consistent with the Wick rotation ¢ — .
Having solved the eikonal equation, (3.6) becomes

(—A +q)(e%a) = e??(—iXLa + (—A + ¢)a)
where L is the complex first order operator
La :=2(0, 4+ i0¢)a + ba

where b := A;,®. Here 0, + i0; is a Cauchy-Riemann, or 9, operator. We
wish to find an amplitude solving

La=0in M.

Using coordinates (¢,r,w) where (r,w) are polar coordinates as above, we
choose the solution

a(t,r,w) = c(t,r,w) Iy (w)
where ¢ is an integrating factor solving 2(0, + i0;)c = be (this amounts to
solving a 0 equation in R?), and y € C°(S™"~2) is supported near wy.
A satisfying

(A +q)v= ei)‘@(—A +q)a

We have produced a function v = e

so that a is supported near the set two-dimensional manifold (¢, 7, wp), which
corresponds to the set R x « where « is a geodesic in My. As in Section 2
one could try to find an exact solution u = v+ R of (—A +q)u =0in M
by solving the Dirichlet problem

(3.7) (~-A+q)R = —e**(~A+q)a in M,
. R=0 on OM.

Now if ® were real valued, the right hand side would be Op2(3)(1) as A — oo
and at least one would get a correction term R = Op2(5p)(1). This could be
converted to an estimate R = Opz M)()Fl) by working with an amplitude
a=ag+ A"ta_; as in Section 2.

However, the phase function is not real valued and in fact eA® = e~ e\,
Thus the right hand side above is in general only O(e“?), which is not good
since we wish to take the limit A — oco. Instead of solving the Dirichlet

problem, we need to use a different solvability result.
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Proposition 3.4 (Carleman estimate). Let (M, g) be transversally anisotropic
and let ¢ € C°(M). There are C,\g > 0 so that whenever |\ > Ao and
f € L3(M), there is a function R € H' (M) satisfying

(—A +q)(e*®R) = e f in M

such that
C
Rl z2ar) < WHfHLQ(M)'

Proof. See e.g. | - O

We can use Proposition 3.4 to convert the approximate solution v = ¢*®q

to an exact solution
u=e*?(a+ R)

of (<A +¢q)u = 0in M, so that ||[R||z2(ar) — 0 as |A\| = co. When [}] is
large, the solution w is concentrated near the two-dimensional manifold

(Rx~)NnM

but may grow exponentially in A\. However, the integral identity in Lemma
3.3 involves the product of two solutions, and we may take another solution
of the type e~"*®(@ + R) so that the exponential growth will be cancelled
in the product. By choosing such solutions and letting A — oo in (3.4), we
obtain that the integral of ¢ — g2 over the two-dimensional manifold R x ~y
vanishes:

oot
/_ /0 (@1 — q2)(t,y(r)) dr dt = 0.

This is true for any maximal geodesic v in (Mp, go), and hence using the
injectivity of the geodesic X-ray transform on (My, go) would give that

oo
/ (g1 — q2)(t,x)dt =0 for all x € Mj.
—0o0

This is not quite enough to conclude that q; = g2. However, we can intro-
duce an additional parameter ¢ € R, which is analogous to the time delay
parameter in the wave equation case. This can be done by performing the
above construction with slightly complex frequency A + io. One obtains the
following result:

Proposition 3.5 (Concentrating solutions). Let (M, g) be a transversally
anisotropic manifold and let q1,q2 € C°°(M). Assume that the transversal
manifold (Mo, go) is simple, and that 7 : [0,£] — My is a mazimal geodesic.
There is A\g > 0 so that whenever |\ > Ao and o € R, there are solutions
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ur =up ) of (A +q)ur =0 i M and up = ug _x of (A~ g2)ug =0 in
M such that for any 1 € C2°(M™) one has

oS l ) )
lim / Yuitp dV = / / e (¢, (1)) dr di.
—00 J0

A—00 M

Theorem 3.1 now follows by inserting the solutions in Proposition 3.5 to
the identity (3.4), taking the limit A\ — oo, and using the Fourier transform
in t and injectivity of the geodesic X-ray transform in (Mjy, go) as in Exercise
2.1.

3.3. Nonlinear case. We will now consider the nonlinear equation

{ ngququg =0 in M,

(38) u=f ondM

and the corresponding nonlinear DN map
AV {f € C(OM) 5 || fllczaann < 0} = C(OM), Agf = Oyulon.

We will prove Theorem 3.2 which states that if AI;L Alq\;L , then ¢1 = ¢2.

A standard method for dealing with inverse problems for nonlinear equa-
tions is linearization. Namely, if one knows the nonlinear DN map Aév LH
for small f, then one also knows its linearization or Frechet derivative

(DAY )o(h) = 0-AYF(eh)|c=0,  h € C®(M).
Let u. be the small solution of (3.8) with boundary value f = eh, i.e.

{ —Agju. +qud =0 in M,

(3.9) ue = ¢eh on OM.

Note that ug = 0, since © = 0 is the unique small solution with boundary
value 0. Formally differentiating (3.9) in e gives that
—Ag(O-ue) + 3qud.u. = 0.
Setting € = 0 and using that ug = 0, we see that
vp 1= Oce|e=0
solves the linear equation

{ —Agvp, =0 in M,

(3.10) v, = h on OM.

Thus the linearized solution vy, is just the harmonic function in (M, g) with
boundary value h. This formal computation can be justified. Since

(DA(JIVL)O(h) = aEAéVL(gh)Lg:(] = 8Eal,u€|€:0 = &jvh

this leads to the following;:
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Lemma 3.6 (Linearization of nonlinear DN map).
(DAY )o(h) = Agh
where Ay is the DN map for the Laplace equation (3.10)

This shows that from the knowledge of Aév L we can recover its lineariza-
tion (DA(]]V LYo = A,. However, this first linearization does not contain any
information about the unknown potential ¢q. It turns out that for the non-
linearity qu?, the right thing to do is to look at the third linearization, i.e.
the third order Frechet derivative, (D3A51VL)0.

The third linearization can be computed by considering Dirichlet data
of the form f = e1hy + e2hg + e3hg where h; € C°(OM). Writing ¢ =
(e1,€2,€3), let u. be the solution of

(3.11) {
We formally apply the derivative 0;,.,c, to this equation to obtain
0 = —Ag(Deyepegtic) + q0eyepeq (ul)
= —Dg(Oeyene5tte) + q0eye; (3uZeyue)
= — Ay (0eye9ette) + qOcy (6U0ey U0yt + 32 Oepey uc)
= —Ay(0c1e0e5Ue) + 6¢0:, U Oy ucOcyuie + . ..

—Ague + qui =0 in M,
ues = €1h1 + e2ho + £3h3 on OM.

where ... consists of terms that contain a power of u.. Since ug = 0, when
we set € = 0 all the terms in ... will vanish. Thus

w = 851626311/6‘6:0

will solve the equation (recall that Vp; = O, Ue|e=0)

(3.12) { —Agw = —6qup, Vp, Vpg in M,

w =0 on OM.

Now if the know the nonlinear DN map AqNL(€1h1 + e9hg + e3h3) = Oy ue,
then we also know O, w = 0,0z cye5uc|: = 0. Thus for any hy € C*(0OM),
we also know

/ (O,w)hy dS = / ((Agw)vp, + (Vw, Vup,)g) dV.
oM M

Integrating by parts in the last term, and using that w|gp = 0 and Ajvp,, =
0, we obtain that

/6M(81,w)h4 ds =6 /M qUh, Uhy Uy Uk, dV.

Since d,w is determined by AEL, also the right hand side is determined by
AqNL. (One can check that the left hand side is equal to ((DSAéVL)O(hl, ha2, h3), ha)r2a01),
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where (D?’AéV L) is the third Frechet derivative of Aév L considered as a tri-
linear form.) This formal argument can be justified and it leads to the
following identity:

Lemma 3.7 (Integral identity in nonlinear case). If AquL = AqNQL, then

Aﬁm—ﬂﬂ%wM%deV:O
for all hy, hy, h3, hy € C(OM).

This integral identity related to the nonlinear equation —Agu + qud =0
has two benefits over the identity for the linear equation —Agju + qu = 0:

e g1 — ¢ is L?-orthogonal to products of four solutions, instead of
products of two solutions;

e the solutions Up; are solutions of the Laplace equation Agvhj =0,
which does not contain the potential q.

Let us finally sketch how one proves Theorem 3.2 based on the integral
identity in Lemma 3.7 and the construction of special solutions in Proposi-
tion 3.5. The main point is that instead of considering a fixed geodesic « in
(Mo, go), one can consider two intersecting geodesics.

Suppose that 77 and 2 are two maximal geodesics in (M, go) that inter-
sect only at one point zg € My. We use Proposition 3.5 to find two harmonic
functions vy and v_y in M so that the product v)v_) is concentrated near
R x ;. We similarly choose two harmonic functions wy and w_jy in M so
that the product wyw_) is concentrated near R x 2. Then the product

UNU_)\WHAW_ )

is concentrated near the one-dimensional manifold R x {xo}, and one has

o0

0= lim (q1 — q2>’0)\@,)\w}\@,)\ dV = / e_wt(ql — QQ)(t, wo) dt.

A—oo s —00

The point is that one has concentration at a single point xy in My, instead
of concentration near a fixed geodesic in My. It follows that the Fourier
transform of (¢1 — ¢2)(-, o) vanishes identically for every xg € M. It
follows that g1 = go.

In general, given zoy € My it may not be possible to find two finite length
geodesics that only intersect at xy. The possibility of multiple intersec-
tion points can be handled by introducing another extra parameter in the
solutions, see | | for details. This proves Theorem 3.2 in general.
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